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Abstract: We update a five-dimensional SO(10) grand unified model of fermion masses
and mixing angles originally proposed by Kitano and Li. In our setup Yukawa couplings are
anarchical and quark and lepton sectors are diversified by the profiles of the fermion zero
modes in the extra dimension. The breaking of SO(10) down to SU(5)×U(1)X provides the
key parameter that distinguishes the profiles of the different SU(5) components inside the
same 16 representation. With respect to the original version of the model, we extend the
Higgs sector to explicitly solve the doublet-triplet splitting problem through the missing
partner mechanism and we perform a fit to an idealized set of data. By scanning the
Yukawa couplings of the model we find that, for large tanβ, both normal and inverted
ordered neutrino spectrum can be accommodated. However, while the case of inverted order
requires a severe fine tuning of the Yukawa parameters, the normal ordering is compatible
with an anarchical distribution of Yukawa couplings. Thus, in a natural portion of the
parameter space, the model predicts a normal ordered neutrino spectrum, the lightest
neutrino mass below 5 meV, and |mββ | in the range 0.1-5 meV. No particular preference
is found for the Dirac CP phase in the lepton sector while the right-handed neutrino
masses are too small to explain the baryon asymmetry of the universe through thermal
leptogenesis.
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1 Introduction
It is a matter of fact that the particle content of the Standard Model (SM) and its gauge
group perfectly fit into an SO(10) grand unified theory (GUT) [1, 2], with fermions of each
generation contained in a spinorial representation of the grand unified group. The extra
component of the 16 is a right-handed neutrino that nicely allows a description of the
light neutrino masses in terms of the seesaw mechanism [3–9] and provides the ingredients
for successful leptogenesis [10]. The supersymmetric (SUSY) version of the model can also
accommodate gauge coupling unification without intermediate scales [11–13]. Despite these
promising features, the description of fermion masses and mixing angles in an SO(10) model
is as complicated as in the SM and no advantage seems to come from the grand unified
picture in this respect.
The product of two 16 decomposes into the sum 10+120+126 and any combination
of these representations can enter the Yukawa interaction terms. A minimal model, where
only one copy of the 10 is included, is completely unrealistic. It would describe equal
masses for quarks and leptons, up to an overall factor distinguishing ±1/2 components of
the weak isospin doublets, and no mixing. It is intriguing that, on the contrary, a minimal
SU(5) GUT with Higgses in 5 and 5¯ representations comes very close to the real world,
the only wrong prediction being the exact equality between the charged lepton and down
quark masses, which needs corrections of order one. Non-minimal renormalizable models,
where various combinations of Higgses in 10, 120 and 126 representations are introduced,
have been shown to fit the fermion mass data well [14–26]. When the 126 representation
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is included, light Majorana neutrinos can be described by a seesaw mechanism either of
type I [3–6] or of type II [7–9] or by a combination of both. In these models there is no
qualitative difference with respect to the SM. The number of free parameters in the flavor
sector is very large so that no predictions are available and the best fit parameters span
several orders of magnitude, much as in the SM.
There are several SO(10) models, in both renormalizable [25–38] and non-
renormalizable [39–55] versions (see [56, 57] for reviews), where new ingredients are added
either to reduce the number of free parameters or to reduce their relevant range. In the
first case the predictability of the model is increased, while in the second case the model
becomes more natural. Indeed it would be desirable to account for the hierarchies of the
charged fermion mass ratios and of the quark mixing angles in terms of an irreducible set
of order-one parameters.
In ref. [58] Kitano and Li accomplished this goal in a SUSY SO(10) model formulated
in five flat space-time dimensions. The fifth dimension is an interval whose length is of
the order of the inverse GUT scale. Fermions are hosted in three 16 multiplets living
in the full five-dimensional space-time while Yukawa interactions, described by matrices
with order-one elements, are localized at one of the branes. The Yukawa couplings for the
fermions of the SM are obtained by convoluting these order-one matrices with the profiles of
the fermionic zero-modes. The resulting picture is essentially equivalent to that produced
by many models of fermion masses such as those based on Froggatt-Nielsen (FN) U(1)FN
flavor symmetries [59] or those relying on the mechanism of partial compositeness [60, 61].
In an SO(10) context one would expect fermions in the same 16 representation to share
the same zero-mode profile, which in the FN language would correspond to all members
of a 16 having the same FN charge. Such a picture is clearly unrealistic since it leads
to mass ratios for up and down type quarks of the same order of magnitude. The key
point of the Kitano and Li model is that the breaking of SO(10) down to SU(5)×U(1)X
determines different profiles for the zero-modes of the different SU(5) components inside the
16 multiplet. The model becomes flexible enough to account for the different hierarchies
observed in the different charge sectors. Unfortunately the total number of parameters
is still very large since a single matrix of Yukawa interactions localized at one brane is
insufficient to correctly describe the quark mixing and more than one type of Yukawa
interactions are required.
In the present paper we improve the model of ref. [58] in several respects. The different
type of Yukawa interactions were generated in [58] through non-renormalizable operators
of different dimensionality, which were assumed to give contributions of the same order.
This forces the cut-off scale suppressing higher-dimensional operators to be close to the
GUT scale, thus questioning the domain of validity of the effective theory. In the version
of the model presented here the required Yukawa matrices arise from operators of the same
dimension and the cut-off of the theory can be in principle as large as the Planck mass,
making the contributions from higher dimensional operators negligible, and reducing the
theoretical error of our predictions to the level of the experimental accuracy for most of
the data. Moreover we explicitly address the doublet-triplet splitting problem by choosing
a particle content in the Higgs sector to which the missing partner mechanism [62–65] is
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directly applicable. Finally, to check the viability of the model, we perform a fit to an
idealized set of data, obtained by running the observed masses and mixing angles up to
the GUT scale. We find good agreement with the data, for large values of tanβ. Neutrino
masses and mixing angles are reproduced within a type I seesaw mechanism. Normal
ordering of neutrino mass is predicted with the lightest neutrino mass smaller than 5 meV.
All the values of the Dirac CP phase are found equally preferred and the effective mass
of neutrinoless double beta decay is predicted in the range 0.1-5 meV. It is particularly
interesting that the present SO(10) GUT can give rise to fermion mass matrices similar to
the ones obtained in SU(5)×U(1)FN models [66–69], very effective in reconciling the nearly
anarchical pattern of neutrinos with the hierarchical one of charged fermions. Here we do
not aim at a fully realistic model and we deliberately leave apart several important issues,
such as gauge coupling unification and the problem of proton decay.
In the following section, we briefly review the basic framework of Kitano-Li model and
explain a mechanism responsible for creating hierarchies among the different fermions. In
section 3, we provide a modified version of this model and discuss its essential features in
details. The fermion mass relations predicted by the model are discussed and their viability
is investigated through detailed numerical analysis in section 4. We finally conclude in
section 5.
2 Flavour hierarchy from extra-dimension and SO(10) GUT
Let us first review the basic framework of the 5-dimensional (5D) SUSY theory which the
Kitano-Li model [58] is based on. Consider a 5D N = 1 SUSY U(1) gauge theory compact-
ified on half a circle S1/Z2 [70]. It is shown in [71] that such a theory can conveniently be
written in terms of 4-dimensional superspace formalism. When decomposed into 4D, the
5D vector supermultiplet contains an N = 1 chiral multiplet Φ and a vector multiplet V . In
a similar way, the 5D hypermultiplet consists of a pair of N = 1 4D chiral multiplets H and
Hc. The U(1) gauge invariant action of interacting hypermultiplet and vector multiplet is
written as [70–72]
S5 =
∫
dy d4x
[∫
d4θ
(
∂yV − 1√
2
(Φ + Φ¯)
)2
+
1
4
∫
(d2θ WαWα + h.c.)
+
∫
d4θ
(
H¯e2g5QVH + H¯ce−2g5QVHc
)
+
(∫
d2θ Hc
(
mˆ+ ∂y −
√
2g5QΦ
)
H + h.c.
)]
, (2.1)
where Wα is a field strength, g5 is the 5D gauge coupling constant, mˆ is the bulk mass
and Q is the U(1) charge of the chiral multiplet H. The mass dimensions are: [Φ] = [H] =
[Hc] = +3/2, [mˆ] = +1, [V ] = +1/2 and [g5] = −1/2. The vector multiplet V and chiral
multiplet H transform as even fields under the Z2 symmetry while the fields Φ and H
c are
odd. For consistency, the bulk mass parameter mˆ is odd under Z2 and the simplest choice
is mˆ(y) = m sgn(y), m being a real constant. The only interactions of the model allowed
by N = 1 5D SUSY are gauge interactions. Indeed Φ is related to the fifth component
– 3 –
J
H
E
P09(2014)095
of the 5D gauge multiplet and its interaction with H and Hc is controlled by the gauge
coupling constant g5.
The compactification on S1/Z2 breaks 4D N = 2 SUSY down to N = 1 SUSY, thus
allowing for a chiral fermion content. Beyond the bulk action S5 of eq. (2.1) there can be
contributions strictly localized on the branes, which should only respect N = 1 SUSY. Here
we discuss the theory in the ideal limit of exact N = 1 SUSY and we neglect soft SUSY
breaking contributions with a characteristic scale in the range 1÷10 TeV. One can perform
the Kaluza-Klein (KK) expansion of 5D bulk fields and obtain the massless spectrum of
the 4D theory using the equations of motion and boundary conditions imposed by the Z2
symmetry on different fields.
For the chiral superfield H(x, y) =
∑
nHn(x)fn(y), one finds a localized zero-
mode profile
f0(y) =
√
2m
1− e−2mpiR e
−my , (2.2)
where R is the compactification radius of the extra dimension. For m < 0 (m > 0) the
zero-mode profile f0(y) of H is localized at the y = piR (y = 0) brane. This feature can be
exploited to suppress (enhance) the strength of the interactions between such zero mode and
fields from a Higgs sector localized at the y = 0 brane. In this way the hierarchical pattern
observed in fermion masses and mixing angles can be explained without appealing to small
ad hoc parameters [73–75]. The chiral superfield Hc is odd under Z2 and has no zero modes.
The massive KK modes have masses m2n = m
2 + (n/R)2, above the compactification scale
MKK = 1/R. The vector supermultiplet V has a zero mode constant in y and given by
1/
√
piR. Thus the gauge coupling constant g4 of the 4D effective theory is related to g5 by
g4 =
g5√
piR
. (2.3)
The chiral multiplet Φ has no zero mode, but its scalar component can acquire a vacuum
expectation value (VEV).
The above framework is used in [58] to construct a grand unified model based on the
SO(10) gauge group. In this model the N = 1 chiral multiplets H and Hc are replaced
by three copies of 16 and 16c, transforming as 16 and 16 under SO(10) respectively. The
vector supermultiplet, comprising 45V and 45Φ, transforms in the adjoint of SO(10). The
breaking of SO(10) down to the SM gauge group is realized in several steps. The VEV of
the 45Φ, aligned along the direction of a U(1)X subgroup, breaks SO(10) down to SU(5)×
U(1)X. Since the 45Φ field is odd under Z2, its VEV has a non-trivial profile in the fifth
dimension, 〈45Φ〉 = υ3/2Φ sgn(y), and generates a D-term for U(1)X [71, 72, 75]:
−D = ∂5〈45Φ〉 = 2υ3/2Φ [δ(y)− δ(y − piR)] . (2.4)
To preserve N = 1 SUSY such a D-term can be canceled by introducing on the branes new
fields charged under U(1)X [71, 72]. In the Kitano-Li model [58] the brane y = 0 hosts a
pair (16H ,16H) of chiral superfields while another pair (16
′
H ,16
′
H) is introduced at the
brane y = piR. Their VEVs are adjusted to exactly cancel the D-term of eq. (2.4). In this
way, the U(1)X subgroup is broken near the GUT scale. For this reason the X generator
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should be orthogonal to the SM ones and this condition uniquely determines U(1)X inside
SO(10). The other fields needed on the brane y = 0 are a chiral multiplet 45H , which
breaks the residual SU(5) symmetry to the SM gauge group, and 10H , which contains a
pair of Higgs doublets. The 5D superpotential of the model is [58]:
WKL = 16ci
[
mˆi + ∂y −
√
2g5 45Φ
]
16i
+
δ(y)
Λ
[
Yij16i16j10H +
(YR)ij
Λ
(16i16H)(16j16H) +
Y ′ij
Λ
16i16j10H45H + . . .
]
+δ(y) w0(45H ,16H ,16H ,10H , . . .)
+δ(y − piR) wpi(16′H ,16′H) , (2.5)
where w0 and wpi are gauge invariant superpotentials depending only on Higgs supermulti-
plets and Λ is the cut-off scale of the theory. The basis of 16i is conveniently chosen so that
the bulk mass term of 16i in WKL is diagonal. In addition to the fields contained in the
above WKL, a solution to doublet-triplet splitting problem through Dimopolous-Wilczeck
mechanism [76] in the simplest version requires another 10H , a pair of 16H and several
SO(10) singlet fields [77, 78].
Let us now review the Yukawa sector of the model encoded in the second line of
eq. (2.5). The first term is responsible for fermion masses of Dirac type. This term
would predict an unrealistic set of masses in the charged fermion sector and for this reason
additional contributions suppressed by more powers of the cut-off scale are needed. One
example of such contributions is the third term in the second line. In ref. [58] it is explicitly
assumed that all these contributions effectively give rise to Yukawa matrices in each charge
sector, Yu,d,ν,e, that can be treated as independent. In the second term of the second line,
the VEV of 16H generates masses of right-handed neutrinos of the order of the GUT scale,
inducing tiny masses for the light neutrinos through the type I seesaw mechanism.
The Yukawa couplings for the charged fermion zero modes are obtained by convoluting
Yu,d,e with the zero-mode profiles, which in turn are controlled by both the bulk masses
mi and the VEV of 45Φ. Such a VEV generates different contributions to the bulk masses
of the SU(5) components of each 16 bulk multiplet, proportional to their U(1)X charges.
Under SU(5)× U(1)X the 16 decomposes as
16 = 10−1 + 5¯3 + 1−5 , (2.6)
where the numbers in subscript represents U(1)X charge of a given SU(5) multiplet: Q
r
X .
Each SU(5) multiplet gets an effective bulk mass mri (r = 10, 5¯, 1) given by
mri = mi −
√
2g5Q
r
Xυ
3/2
Φ , (2.7)
that can be expressed in units of the cut-off scale as
mri = Λ a
r
i (2.8)
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in terms of dimensionless quantities
ari = µi −QrXkX , µi =
mi
Λ
, kX =
√
2
g5υ
3/2
Φ
Λ
. (2.9)
The Yukawa couplings Yf (f = u, d, e) of the charged fermion zero modes are
Yu = F10YuF10 , Yd = F10YdF5¯ , Ye = F5¯YeF10 (2.10)
where the entries of diagonal matrices Fr are the zero-mode profiles evaluated at the
y = 0 brane:
Fr = diag(n
r
1, n
r
2, n
r
3) , n
r
i =
√
2ari
1− e−2ari c , c = ΛpiR . (2.11)
The mass matrix of light neutrinos is obtained through the type I seesaw mechanism and
is proportional to
mν ∝ F5¯ YνY −1R Y Tν F5¯ . (2.12)
It was shown in [58] that a suitable choice of the VEV of 45Φ can generate the following
hierarchy in the profiles:
F10 w diag(λ4, λ2, 1), F5¯ w diag(λ, 1, 1) (2.13)
for 10 and 5¯ fermions with λ ∼ 0.23. These profiles give rise to realistic hierarchies in
fermions masses and mixing angles, including the neutrinos, even if all the Yukawa matrices
in eq. (2.5) have anarchical O(1) elements. The strong hierarchy in the profiles of F10
compared to F5¯ provides a qualitative understanding of the extremely hierarchical spectrum
of up-type quarks and the less hierarchical down-type quarks and charged leptons. The
milder hierarchy in the neutrino masses and emergence of the large mixing angles can also
be understood in this way.
3 A modified Kitano-Li model
The above framework looks consistent at the qualitative level, but it has not been analyzed
on the quantitative grounds to check its viability and its predictability. In this paper we
would like to address such a question. Moreover, in its present version, the model can
be only applied to an energy range ending very close to the GUT scale, and the effective
description it provides could suffer from large uncertainties coming from the unknown UV
completion. Indeed the VEV of 45H breaks SU(5) into the SM gauge group and can be
identified with the GUT scale MGUT ≈ 2×1016 GeV. The higher-order terms in the second
line of eq. (2.5), as the one proportional to Y ′, are suppressed by powers of MGUT/Λ
and are very small if Λ  MGUT. In this limit the charged fermion Yukawa interactions
on the brane are dominated by the first term, leading to: Yu = Yd = Ye = Y . The
down-type quarks and charged leptons become exactly degenerate in this limit since the
zero-mode profiles cannot distinguish between SM sub-multiplets within 10 and 5¯. On the
other hand the simple GUT scale extrapolation of the currently observed values of the
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masses of down-type quarks and charged leptons requires mb/mτ ≈ 0.7, ms/mµ ≈ 0.2 and
md/me ≈ 2.5 for almost any value of tanβ [79]. Such large corrections, particularly in the
first two generations, cannot be induced through the higher-dimensional operators unless
MGUT ∼ Λ is considered and if all the Yukawa couplings in the theory are taken to be
O(1) parameters. Taking the cut-off scale Λ very close to the MGUT questions the validity
of the effective field theory approach which underlies the whole construction of the model.
The effective theory description can be restored by assuming Λ  MGUT. The cor-
rection in the down-type quarks and charged lepton masses then requires leading-order
contribution in Yukawa interactions which can be achieved either by 126H or 120H or by
both. Unlike 10H and 126H , the Yukawa interactions of 120H with 16i are anti-symmetric
in generation space and hence they introduce less number of free parameters compared to
126H . Keeping this aspect in mind, here we propose a variant of the Kitano-Li model
based on 10H + 120H fields on the brane, which can account for all the charged fermion
masses and mixing angles, as we show through a detailed quantitative analysis in the next
section. The 16H and 16H on the brane are replaced by 126H and 126H , which pick up a
VEV at the GUT scale, solve the D-term problem and generate the masses for right handed
(RH) neutrinos through a leading order term in the Yukawa interaction. The 126H and
126H also play a crucial role in solving the doublet-triplet splitting problem through the
missing partner mechanism as described in [64, 65]. We provide a detailed discussions of
the model in this section.
We use the same field configuration in the bulk as previously used in [58] and only
modify the brane sector considerably. We assume as superpotential of the model
W = 16ci
[
mˆi + ∂y −
√
2g5 45Φ
]
16i
+
δ(y)
Λ
[
Y ij1016i16j10H + Y
ij
12016i16j120H + Y
ij
12616i16j126H + . . .
]
+δ(y)w0(45H ,10H ,126H ,126H ,120H)
+δ(y − piR)wpi(126′H ,126′H) . (3.1)
As already discussed, the VEV of 45Φ breaks the SO(10) symmetry down to SU(5)× U(1)X
and splits the profiles of the SU(5) sub-multiplets of 16i. We now discuss in detail the
roles played by each of the brane fields in this model.
• Under SU(5)× U(1)X the multiplets 10H and 120H decompose as:
10H = 52 + 5−2 ,
120H = 52 + 5−2 + 10−6 + 106 + 452 + 45−2 . (3.2)
The 10H contains a pair of weak doublets, one in 5 and the other in 5¯, which trans-
forms as a pair of Higgs doublets in the Minimal Supersymmetric Standard Model
(MSSM), while 120H contains two pairs of such doublets, one pair of doublets resid-
ing in 45 and 45 of SU(5). We assume that these doublets get mixed with each other
through the couplings in the superpotential w0 and that only one linear combination
– 7 –
J
H
E
P09(2014)095
of them remains light and plays the role of MSSM Higgs doublets. A natural solution
of the doublet-triplet splitting problem leading to such light pair of doublets is of-
fered by the missing partner mechanism in this model, as we discuss it later in detail.
Since the light doublets are admixtures of doublets in 10H and 120H , the Yukawa
couplings of charged SM fermions are linear combinations of Y10 and Y120. Such rela-
tions were derived explicitly in [80] and we write them in the next section. It is well
known that a pair of MSSM doublets residing in 45 and 45 of SU(5) distinguishes the
Yukawa couplings of down-type quarks from those of the charged leptons.
• The 126H representation of SO(10) decomposes under SU(5)× U(1)X as
126H = 110 + 52 + 106 + 15−6 + 45−2 + 502 . (3.3)
An analogous decomposition for the 126H holds. The pair (126H ,126H) replaces
the pair (16H ,16H) used by Kitano and Li and plays a similar role. The VEVs of the
SU(5) singlets residing in 126H , 126H are used to cancel the D-term on the branes
that arises from the VEV of 45Φ. The vanishing of the D-term requires [71, 72]
0 = −DU(1)X = δ(y)
[
2υ
3/2
Φ + 10g5(|〈126H〉|2 − |〈126H〉|2)
]
−δ(y − piR)
[
2υ
3/2
Φ − 10g5(|〈126′H〉|2 − |〈126
′
H〉|2)
]
, (3.4)
where we identify the gauge coupling constant of U(1)X with g5. Clearly, this breaks
the U(1)X symmetry and reduces the rank of the residual gauge symmetry. The
VEV of 126H also generates the masses for the RH neutrinos through the Yukawa
interaction term proportional to Y126 of eq. (3.1). Note that 126H also contains a
pair of weak doublets. However such a pair is assumed to be as heavy as the other
submultiplets of 126H as required by the missing partner mechanism for solving the
doublet-triplet splitting problem, as we discuss below. In this way, 126H does not
contribute to the charged fermion masses.
• The decomposition of 45H is given by
45H = 10 + 104 + 10−4 + 240 . (3.5)
Note that 45H contains an adjoint of SU(5) and can trigger the SU(5) breaking down
to the SM gauge symmetry. This cannot be achieved by 45Φ in the bulk because the
VEV of the 24-plet of SU(5) residing in 45Φ would induce a non-vanishing D-term
corresponding to U(1)Y. Such a D-term cannot be canceled without the breaking of
U(1)Y and hence we need a 45H to break SU(5).
The above Higgs content on the brane naturally solves the doublet-triplet splitting
problem through the missing partner mechanism as pointed out in [65]. In this mechanism,
a set of “light” fields is considered, with an assumption that they get masses only through
interactions with “heavy” fields. In other words, the mechanism assumes the absence of
bare mass terms for the light Higgs sector. In the above model, 10H and 120H fields can
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be considered as light, while 126H , 126H and 45H are considered as the heavy ones. As
can be seen from the decomposition under the SM gauge group, the light fields contain
three pairs of weak doublets and three pairs of color triplets. The heavy fields contain the
same number of triplets but only two pairs of doublets.
The unequal content of doublets and triplets in the heavy sector arises from the 50, 50
of SU(5) residing in 126H , 126H which contain only triplets. One assumes that there is no
GUT scale bare mass terms for the light fields so that different sub-multiplets of the light
fields get masses through their interactions with 126H , 126H and 45H . Such interactions
can arise in w0, for example
w0 = 120H 126H 45H + 120H 126H 45H
+
1
Λ
10H 126H 45
2
H +
1
Λ
10H 126H 45
2
H + . . . (3.6)
The doublets and triplets from the different heavy and light fields get mixed with each
other when 45H takes a VEV. The three triplets from the light fields get mixed with the
same number of triplets in the heavy fields and all of them obtain GUT scale masses. On
the other hand, one combination of weak doublets in the light sector remains massless since
the heavy sector contains only two of such doublets. It is also shown in [65] that the other
sub-multiplets in 120H also get mixed with their counterparts in the heavy fields and all
of them become massive. Hence one finds only one linear combination of weak doublets
from the 10H + 120H which remains light and can be used as the MSSM Higgs doublets.
The above scalar content, i.e. 10H + 120H fields as the light fields and 45H + 126H +
126H as the heavy fields, is the most economical among the other possibilities [65] of
light and heavy fields which provide a solution to the doublet-triplet splitting problem
through the missing partner mechanism in SO(10). However, in 4D SO(10) theories, 10H
and 120H alone do not lead to realistic charged fermion masses and quark mixing angles
as first pointed out in [81] through a numerical study. The limited numbers of Yukawa
couplings were found unable to reproduce appropriate hierarchies in the charged fermion
masses. This is not the case in the present model as we show it later explicitly through
a detailed numerical analysis. The zero-mode profiles of the different fermions generated
from the compactification of an extra dimension in this model relax the tension that exists
in pure 4D theories. Before we proceed to a quantitative analysis of the fermion mass
spectrum in the above framework, we discuss the range of validity of the effective field
theory approach on which this model is based.
The effective Yukawa couplings in 4D and the light neutrino mass matrix are as in the
Kitano-Li original model, eqs. (2.7)–(2.12), where now YR = Y126 and Yu,d,ν,e are linear
combinations of Y10 and Y120. All the Yukawa couplings (Y10)ij , (Y120)ij and (Y126)ij are
assumed to be of order one. The behaviour of the fermion zero-modes at y = 0 brane can
be classified according to the values of the bulk mass parameters and c:
for ari > 0 and |ari |c & 1, nri ≈
√
2ari
for ari < 0 and |ari |c & 1, nri ≈
√
2|ari | e−|a
r
i |c
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Figure 1. The bulk mass parameters a10i as functions of c = piΛ/MKK as required from the
hierarchy in up-type quark masses. The dotted, dashed and solid lines correspond to a101 , a
10
2 and
a103 respectively.
for ari ≶ 0 and |ari |c < 1, nri ≈
1√
c
.
The parameter c = piΛ/MKK represents the cut-off scale in units of the KK scale and, to
consistently describe the first few KK modes within our effective theory, we take c ≥ 10.
To neglect higher-dimensional operators contributing to fermion masses we will show that
a value of c larger than 10 is required. To reproduce the large top Yukawa coupling we have
to take a103 = µ3 +kX ≈ yt/2. The hierarchy among the first, second and third generations
of quarks can be reproduced by choosing µ3 ≈ yt/2 and |kX |, |µ1,2|  1. For example, the
values of a10i required to generate (n
10
1 , n
10
2 , n
10
3 ) = (λ
4, λ2, 1) are shown in figure 1, as a
function of c. For large c, a103 approaches to 0.5 while |a101,2| go like 1/c. In terms of our
input parameters, we approximately have µ3 ≈ 0.5, while |kX |, |µ1,2| are O(1/c).
The parameter c, describing the gap between the cut-off scale and the KK scale,
characterizes the domain of validity of our effective theory. Here we estimate how large
c can be in our model and how small can be the ratio MGUT/Λ, which controls the non-
leading contributions to the Yukawa interactions on the y = 0 brane. A relation between
c and the GUT scale parameters such as kX can be derived from the phenomenological
requirement |µ1,2| ∼ |kX | ≈ 1/c, needed to successfully fit the fermion spectrum. There are
several scales relevant to the breaking of the grand unified symmetry SO(10): υΦ, 〈126H〉,
〈126H〉, 〈45H〉. In first approximation we make no distinction among them and we assume
MGUT ≈ υΦ. From eq. (2.9) and using |kX | ∼ 1/c, one can express the VEV of the 45Φ in
terms of c as:
υΦ =
(
1
2g24
)1/3 Λ
c
, (3.7)
where we use g25 = piRg
2
4. Considering a dimensionless coupling g4 ∼ O(1), one finds
MGUT
Λ
≈ 1
c
, (3.8)
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showing that in the preferred region of parameter space the GUT scale and the KK scale are
close to each other. To conveniently suppress the higher order contribution to the Yukawa
interactions on the y = 0 brane we can take c = 100 and the cut-off Λ approximately
corresponds to the Planck scale. The bulk mass parameters relevant to our analysis, mi
and υΦ, are all around the GUT scale, except m3 which should be relatively close to Λ.
4 Fermion mass relations and Numerical Analysis
We now derive the effective mass matrices of fermion zero modes in the model and discuss
their viability through a detailed numerical analysis. As noted earlier, the light fields 10H
and 120H respectively contain one and two pairs of MSSM-like Higgs doublets. As it is
arranged by the missing partner mechanism, one pair of their linear combinations remains
massless and plays the role of the MSSM Higgs doublets, namely Hu and Hd. Hence each
of the doublets H1u,d ∈ 10H and H2,3u,d ∈ 120H has a component of Hu or Hd which can
conveniently be parametrized in terms of mixing parameters αi and α¯i such thatH
i
u = αiHu
and H id = α¯iHd. The appropriate normalizations of Hu and Hd then require
3∑
i=1
|αi|2 =
3∑
i=1
|α¯i|2 = 1. (4.1)
The VEVs of MSSM Higgs doublets are fixed by the electroweak symmetry breaking scale
and are denoted by 〈Hu〉 = υ sinβ and 〈Hd〉 = υ cosβ with υ = 174 GeV.
The brane Yukawa couplings of Dirac type fermions are obtained as the linear combi-
nations of only two matrices, Y10 and Y120, weighted by the appropriate Clebsch-Gordan
(CG) coefficients and Higgs mixing parameters αi, α¯i [25, 80]:
Yu = c
u
1α1Y10 + (c
u
2α2 + c
u
3α3)Y120 ,
Yd = c
d
1α¯1Y10 + (c
d
2α¯2 + c
d
3α¯3)Y120 ,
Yν = c
ν
1α1Y10 + (c
ν
2α2 + c
ν
3α3)Y120 ,
Ye = c
e
1α¯1Y10 + (c
e
2α¯2 + c
e
3α¯3)Y120 , (4.2)
where Yu,d,e,ν are Yukawa matrices for up-type quarks, down-type quarks, charged leptons
and Dirac neutrinos. The Y10 and Y120 are symmetric and anti-symmetric matrices respec-
tively in generation space. The CG coefficients can be read as cu1 = c
d
1 = c
e
1 = c
ν
1 = 2
√
2,
cu2 = c
d
2 = c
e
2 = c
ν
2 = −2
√
2 and −3cu3 = −3cd3 = ce3 = cν3 = −2i
√
6 [25]. A doublet H3d
residing in 120H couples to the charged leptons and down-type quarks with different CG
coefficients and provides the correction to the wrong mass relation Yd = Ye predicted in the
presence of only 10H . The above Yu, Yd and Ye are substituted in eq. (2.10) to obtain the
effective Yukawa matrices Yu, Yd and Ye of the charged fermion zero modes at the GUT
scale.
The RH neutrinos get mass from the Yukawa interactions of 16 with 126H when the
SU(5) singlet in 126H acquires a VEV. The mass matrix of the RH neutrino zero modes
takes the form
MR ≡ υR F1Y126F1 . (4.3)
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Note that υR ≡ 〈126H〉 also contributes in cancelling the D-terms and is required to be
close to the GUT scale in the absence of any fine tuning. The mass matrix for the light
neutrinos generated by the canonical seesaw mechanism can be written as
Mν = −υ
2 sin2 β
υR
F5¯ YνY
−1
126Y
T
ν F5¯ ≡ −
υ2 sin2 β
υR
Yν . (4.4)
The hierarchy in light neutrino masses is solely governed by the matrix F5¯ and, as we will
see, it leads to relatively less hierarchical neutrinos in comparison to the charged fermions
as arranged by SO(10) breaking in the bulk. Also, the origin of large (but not special values
of) lepton mixing angles is apparent in this case. The seesaw mechanism is often seen as the
origin of small hierarchies and large mixing in the neutrinos compared to the quark sector.
For example, in the mechanism known as seesaw enhancement [82], such a difference can
be realized if RH neutrinos have strong hierarchy or they are almost degenerate and Dirac
neutrino Yukawas as hierarchical in structure as those of up-type quarks. We would like to
emphasize here that hierarchy in the RH neutrino masses in this model is not responsible
for enhancement in the leptonic mixing angles as can be seen from eq. (4.4). In fact since
the RH neutrino unifies with other fermions in SO(10), the hierarchy in their masses can be
predicted from the common bulk mass parameters once the appropriate profiles of charged
fermions are obtained.
In principle the SU(2)L triplet contained in 126H can generate an additional contri-
bution to the neutrino masses through the so-called type II seesaw mechanism [7–9]. The
coupling of 126H to SO(10) multiplets containing light Higgs doublets induces an effective
VEV for such a triplet of order υ2 sin2 β/MGUT. In our model, the missing partner mecha-
nism assumes the absence of a direct coupling among 126H and the two SO(10) multiplets
hosting the light Higgs doublets. For example, 126H does not have an SO(10) invariant
tree level couplings with two 10H or with two 120H or with 10H and 120H . Further,
any such couplings through higher-dimensional operators are assumed to be absent in the
missing partner mechanism. Hence, we do not expect type II seesaw contribution to the
light neutrino masses and consider only type I seesaw as the mechanism at work for the
light neutrino masses in the following analysis.
4.1 Fitting the fermion mass spectrum: a viability test
The Yukawa matrices, Yu,d,e,ν which follow from eqs. (2.10), (4.2), (4.4) are predicted at the
GUT scale and we compare them with a representative set of data obtained by extrapolating
the measured values of fermion masses and mixing parameters. This strategy has been
largely followed in the studies based on varieties of SO(10) models in four dimensions,
see [19–24] for examples. It is clear that an extrapolation over more than 14 orders of
magnitude is potentially affected by large uncertainties. This is even more true in our model
where SUSY breaking effects have been neglected. We are aware that the data we are going
to fit at the GUT scale might not faithfully represent the low-energy experimental quantities
and that the best fit values of the input parameters we will obtain might considerably
change depending on the spectrum of the SUSY particles and the other heavy modes at
the GUT scale. We are more interested in the performances of the present model, and we
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are confident that if it can successfully reproduce a representative set of data, it will also
be successful if this set is modified to account for a more realistic framework.
The renormalization group evolution (RGE) of fermion masses in the MSSM primarily
depends on the SUSY breaking scale MSUSY and tanβ. In our numerical study we use,
as an idealized set of data at the GUT scale, extrapolated values of the charged fermion
masses and the quark mixing parameters from [79] which, in a 2-loop analysis, assumes
an effective SUSY breaking scale MSUSY = 0.5 TeV and considers different values of tanβ.
To assess the dependence on tanβ we will focus on two cases: tanβ = 10 and tanβ = 50.
For the neutrino masses and mixing angles, we use their low-energy values obtained by one
of the recent global fits [83–85] ignoring the RGE effects from the low scale to the GUT
scale. The running of the neutrino masses and mixing angles in the MSSM is known to be
negligible in case of tanβ <∼ 30. It remains small even for large tanβ if the neutrino mass
spectrum is hierarchical. As we show later in this section, the model analyzed here favours
large tanβ and strongly hierarchical spectrum for neutrinos with the lightest neutrino mass
<∼0.005 eV at the GUT scale. For such a hierarchical neutrino spectrum, the RGE running
in the neutrino parameters can be considered negligible to a good approximation [86–88].
The GUT scale values of different observables we use in our analysis are listed in table 1.
We would like to note that the given extrapolated values do not take into account the
threshold corrections in the fermion masses and mixing angles arising from the SUSY
breaking. Estimation of such corrections requires precise knowledge of sparticle spectrum
which depends on the exact details of SUSY breaking mechanism [89–91] which is not
studied here. Further, the threshold corrections may also arise at the GUT scale which can
be estimated only if the complete mass spectrum of all the GUT multiplets is known. As
it is often done in the similar kind of analysis [19–24], we ignore these effects and assume
that if the model under consideration can fit the idealized GUT scale data listed in table 1
then it would also be compatible with the real data.
We now proceed to the details of fitting procedure. Let us first calculate the total num-
ber of free parameters in this model. As already mentioned, Y10 and Y126 are complex sym-
metric matrices and Y120 is a complex anti-symmetric matrix in generation space. Without
loss of generality, we can absorb three phases from Y10 into the 16i by a suitable redefinition
16i → eiαi16i. Hence Y10 can be parametrized in terms of 9 real parameters, namely 3 real
diagonal elements and 3 complex off-diagonal ones. Y126 (Y120) contains 12 (6) real param-
eters. All the Yukawa couplings are regarded as generic order-one quantities in this model
and we constrain them within a narrow range, i.e. 0.5 ≤ |(Y10)ij |, |(Y126)ij |, |(Y120)ij | ≤ 1.5
with arbitrary phases. The parameters α1, α¯1 in eq. (4.2) can be taken real without loss of
generality and can be obtained from α2,3, α¯2,3 using the normalization condition, eq. (4.1).
This leaves eight real parameters in αi and α¯i with the constraints |αi|, |α¯i| < 1, a VEV
υR in eq. (4.4) and four real parameters in the profiles of zero-mode fermions as described
in eq. (2.9). In total, we have 27 O(1) real parameters as Yukawa couplings and other 13
real parameters which should correctly reproduce the 18 observables listed in table 1 if the
model is viable.
The values of the free parameters of the model are estimated using the χ2 optimization
technique which is widely used in [19–24] for similar kind of analysis. We define a χ2
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Observables tanβ = 10 tanβ = 50
yt 0.48± 0.02 0.51± 0.03
yb 0.051± 0.002 0.37± 0.02
yτ 0.070± 0.003 0.51± 0.04
mu/mc 0.0027± 0.0006 0.0027± 0.0006
md/ms 0.051± 0.007 0.051± 0.007
me/mµ 0.0048± 0.0002 0.0048± 0.0002
mc/mt 0.0025± 0.0002 0.0023± 0.0002
ms/mb 0.019± 0.002 0.016± 0.002
mµ/mτ 0.059± 0.002 0.050± 0.002
|Vus| 0.227± 0.001
|Vcb| 0.037± 0.001
|Vub| 0.0033± 0.0006
JCP 0.000023± 0.000004
∆S/10
−5 eV2 7.54± 0.26 (NO or IO)
∆A/10
−3 eV2 2.44± 0.08 (NO) 2.40± 0.07 (IO)
sin2 θ12 0.308± 0.017 (NO or IO)
sin2 θ23 0.425± 0.029 (NO) 0.437± 0.029 (IO)
sin2 θ13 0.0234± 0.0022 (NO) 0.0239± 0.0021 (IO)
Table 1. The GUT scale values of the charged fermion masses and quark mixing parameters
from [79] that we use in our analysis. The lepton mixing angles and solar and atmospheric mass
differences are taken from a global fit analysis [83] ignoring the running effects. NO (IO) stands for
the normal (inverted) ordering in the neutrino masses.
function
χ2 =
n∑
i
(
Pi(x1, x2, . . . , xm)−Oi
σi
)2
, (4.5)
where Pi are the observable quantities derived from eqs. (2.10), (4.2), (4.4) as complex
nonlinear functions of the free parameters of the model. Oi and σi are the GUT scale central
values and 1σ deviations respectively of the corresponding quantities listed in table 1.
The effective Yukawa matrices Yu,d,e,ν are numerically diagonalized and we obtain the
diagonal Yukawas as the eigenvalues of Yf for each sector. For example, the eigenvalues
of Yu correspond to yu, yc, yt. The absolute values of the third generation Yukawas
and appropriate ratios for the first two generations are included in the χ2 to fit them to
their extrapolated experimental values. The quark and lepton mixing parameters are also
evaluated in a similar way. For simplicity, we include a ratio ∆S/∆A in χ
2 instead of ∆S and
∆A individually. As can be seen from eq. (4.4), such a ratio and lepton mixing parameters
do not depend on υR. The value of υR can be obtained later from the fit using the absolute
scale of atmospheric neutrino oscillation. This allows us to remove one observable and
one free parameter from the fit. The χ2 function contains only dimensionless quantities.
It is then numerically minimized using the downhill-simplex algorithm incorporated in
the software tools MINUIT developed by CERN to determine the best fit values of the
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parameters xi. From the fitted parameters, one can derive the predictions for the various
observables which have not been measured yet such as Dirac CP phase in the leptonic
sector, the lightest neutrino mass, the effective mass of neutrinoless double beta decay.
As a preliminary step we fit all the 39 free parameters of the model using 17 observables
mentioned above. Even though many of the free parameters are restricted within narrow
ranges of O(1) or should face additional constraints like the one of eq. (4.1), the number
of free parameters are significantly larger than the number of observables. Nevertheless,
considering the complex and non-linear dependence of the observable quantities from the
input parameters, it is not completely evident that the model can successfully fit the
data. We have carried out the χ2 minimization for two different data set corresponding
to tanβ = 10 and 50. Also, each case is analyzed for different ordering of the neutrino
masses, i.e. normal (NO) and inverted (IO). The results of fits are reported in table 2. We
obtain very good fit to the data in case of tanβ = 50 and for both the NO and IO in
neutrino masses. In particular, the NO case results into a very good fit in which all the
observables from the theory fall well into the experimentally allowed range, as can be seen
from table 2. The predictions for various observables obtained at the best fit are also listed
in the table. The set of input parameters at the minimum of χ2 are collected in appendix
for both cases. From the best fit in NO case, one obtains a hierarchical profile matrix F10 ≈
diag.(λ3.7, λ2.4, 1) for 10-plets and a relatively less hierarchical F5¯ ≈ diag.(λ1.5, λ0.9, 1) for
5¯-plets as it was expected from the SO(10) breaking effects in the bulk. Such an effect is
mostly due to the parameter kX which contributes universally in different flavours. As it
can be seen from the best fit values reported in the appendix, kX is required to be O(µ1,2)
in order to distinguish between the mass hierarchies among the first and second generations
of fermions residing in 10 and 5¯ of SU(5). As a result, the bulk mass parameter of the
third generation µ3 dominates over kX and the effective bulk masses a
r
3 are nearly equal
for both r = 10 and r = 5¯. Thus an approximate t− b− τ Yukawa unification at the GUT
scale is enforced. As it is well known, the bottom and tau Yukawas unify with that of top
quark for large tanβ ≥ 45 [92, 93] and hence the model provides a good fit to the data
only for tanβ = 50. We obtain very poor fits for tanβ = 10 corresponding to χ2min ≈ 110
for NO and χ2min ≈ 280 for IO. The large values of the χ2min in these cases are mainly
due to the top, bottom and tau Yukawas, which cannot be fitted simultaneously to their
extrapolated values.
The best fit obtained for IO and tanβ = 50 is also shown in the table 2. The minimized
value of χ2 is relatively large compared to the one obtained for NO but is acceptable as all
the observables are fitted within the 1σ range of their experimental values. Note that the
fitted profiles of the light neutrinos, i.e. F5¯ ∼ diag.(λ0.8, λ0.4, 1), still follows the normal
ordering structure (with a slightly less hierarchical structure compared to that of NO case)
while O(1) Yukawas in Y126 conspire to create inverted ordering in the neutrino masses.
The mismatch between the hierarchies in neutrinos and charged fermions can be attributed
more to a tuning of the O(1) Yukawa couplings, rather than to an effect of the zero-mode
profiles. We expect that such a solution is very sensitive to the Yukawa parameters in Y126
and that even small deviations from their best fit values can significantly raise the χ2min.
We investigate this issue in the following subsection.
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Normal ordering Inverted ordering
Observable Fitted value Pull Fitted value Pull
yt 0.51 0 0.54 1.00
yb 0.37 0 0.37 0
yτ 0.51 0 0.47 -1.00
mu/mc 0.0027 0 0.0031 0.67
md/ms 0.051 0 0.045 -0.86
me/mµ 0.0048 0 0.0048 0
mc/mt 0.0023 0 0.0023 0
ms/mb 0.016 0 0.015 -0.50
mµ/mτ 0.050 0 0.049 -0.50
|Vus| 0.227 0 0.227 0
|Vcb| 0.037 0 0.038 1.00
|Vub| 0.0033 0 0.0030 -0.50
JCP 0.000023 0 0.000021 -0.51
∆S/∆A 0.0309 0 0.0320 0.73
sin2 θ12 0.308 0 0.309 0.06
sin2 θ23 0.425 0 0.435 -0.07
sin2 θ13 0.0234 0 0.0237 -0.10
χ2min ≈ 0 ≈ 5.75
Predicted value Predicted value
mνlightest [meV] 0.08 2.15
|mββ | [meV] 1.63 30.4
sin δlCP 0.265 0.510
MN1 [GeV] 3.85× 106 1.13× 104
MN2 [GeV] 9.31× 107 3.06× 106
MN3 [GeV] 2.19× 1014 2.02× 1013
υR [GeV] 0.05× 1016 0.18× 1016
Table 2. Results from numerical fit corresponding to minimized χ2 for normal (NO) and inverted
ordering (IO) in neutrino masses. The fit is carried out for the GUT scale extrapolated data given
in table 1 for tanβ = 50. The input parameters are collected in appendix.
4.2 Anarchical Yukawas: a test of naturalness
So far the analysis implies that the model under consideration predicts approximate t−b−τ
Yukawa unification which is compatible only with large values of tanβ. Moreover both the
normal and inverted ordering in the neutrino masses seem to be viable as indicated by the
best fit solutions. We do not know yet whether a successful fit in the two cases requires
a special tuning of the O(1) Yukawa parameters or not. In the present approach this
question is relevant, since the whole construction is based on the idea of anarchy in the
Yukawa sector: the hierarchical pattern of fermion masses and mixing angles is entirely due
to the zero-mode profiles, while the Yukawa couplings on the brane have no structure. If
special relations between the O(1) Yukawa parameters were needed in order to reproduce
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Figure 2. The distributions of minimized χ2/ν for NO and IO in neutrino masses and for
tanβ = 50.
p−value 0.50 0.10 0.05 0.001
χ2min/ν (for ν = 5) ≤ 0.87 ≤ 1.85 ≤ 2.21 ≤ 4.10
successful cases (NO) 0.1% 0.7% 1.2% 5.6%
successful cases (IO) < 10−3% < 10−3% 10−3% 0.01%
Table 3. The fraction of successful events obtained for different p−values from random samples of
O(1) Yukawa couplings in case of normal and inverted ordering in the neutrino masses.
the data, this would represent a fine-tuning problem of our model, which cannot appeal to
symmetry or dynamical principles to justify such relations. If, on the contrary, the present
model were natural, we would expect that a successful explanation of fermion masses and
mixing angles should not depend very much on the specific choices of O(1) parameters.
To investigate this feature, we have repeated the above analysis with some changes.
We randomly varied each of the complex elements in Y10, Y126 and Y120 such that |Yij | ∈
[0.5, 1.5] and arg(Yij) ∈ [0, 2pi], using flat distributions for both. For a given set of random
Yukawa couplings, the χ2 is minimized versus the remaining 12 parameters (4 bulk masses
and 8 Higgs mixing parameters αi, α¯i) using the 17 observables described earlier. Unlike
the previous case we investigate 105 samples of random O(1) Yukawas and perform a χ2
minimization for each case. The analysis is carried out for tanβ = 50 and for both NO
and IO, as only these cases were found in good agreement with the GUT scale data in the
previous analysis, where also the Yukawa couplings were fitted.
The results are displayed in figure 2 where we show the distributions of χ2min/ν, ν = 5
being the number of independent degrees of freedom (d.o.f.) in the fit. The distribution for
NO is clearly peaked at lower values of χ2min/ν, with respect to the one for IO. In table 3
we report the number of successful cases for different threshold values of χ2min/ν together
with the goodness of fit measured in terms of p−values. The threshold p ≥ 0.05 is often
considered as an acceptable value for the statistical validity of a fit. As it can be seen from
table 3, in the NO case p is larger than 0.05 in about one percent of the generated samples,
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while in the IO case only one over total 105 samples reaches the modest p-value of 0.05.
Hence the NO turns out as a more natural choice in this model.
In the NO case one percent can be regarded as the size of the required tuning to
reproduce the data within the framework of anarchy. It is clear that this number has no
absolute meaning and could only be useful if compared with analogous numbers obtained
by analyzing other models with a similar approach. A success rate of order 0.01 is a typical
outcome in this kind of analysis for the most successful models [66, 94, 95].
The probability distributions for the bulk mass parameters obtained in 1.2% of the
NO cases corresponding to p ≥ 0.05 are shown in figure 3. One finds µ3 > µ2 ≥ µ1 in
most of the cases as expected and kX turns out to be O(µ1,2). A few cases described by
smaller peaks in the distributions of µ1 and µ2 corresponds to µ1 > µ2. However, such
cases are equivalent to the cases with µ1 < µ2 as one can always interchange 161 ↔ 162 by
interchanging µ1 and µ2 and also the first and second rows and columns of all the Yukawa
coupling matrices on the brane. Such a transformation on Yukawa matrices still preserves
their anarchical structure and both these pictures lead to the same physical scenario. As
it can be seen from figure 3, the preferred values of all the bulk masses remain well below
the cut-off scale, and they do not endanger the validity of the effective theory. The kX < 0
leads to a relatively weak hierarchy among the down-type quarks and charged leptons in
comparison to that in the up-type quarks. From the most probable values of µi and kX of
figure 3 we get,
F10 ' λ0.4 diag(λ4.1, λ2.2, 1) and F5¯ ' λ0.3 diag(λ1.5, λ0.7, 1). (4.6)
The above profiles of zero modes provide a quantitative understanding of the differences
between the quarks and lepton masses and mixing patterns. The successful cases cor-
responding to χ2min/ν < 2.21 can also be used to derive the predictions for the other
observables in the lepton sector. The probability distributions for the leptonic Dirac CP
phase, the lightest neutrino mass and the effective mass of neutrinoless double beta decay
|mββ | are shown in figure 4. One finds an almost uniform distribution in δlCP and the
entire range in CP phase is allowed by the model. The lightest neutrino mass is restricted
to be . 5 meV corresponding to a hierarchical neutrino mass spectrum while |mββ | is pre-
dicted in the range 0.1-5 meV. Both these predictions are far from the sensitivity of current
generation experiments and any positive signal in these experiments would essentially rule
out the model.
The predictions for the RH neutrino masses and the VEV of 126H are displayed in
figure 5. The bulk masses of the singlets in 16i are predicted from the fitted values of µi
and kX . From their most probable values, we obtain
F1 ' λ0.6 diag(λ7.0, λ5.0, 1) . (4.7)
This results into an extremely hierarchical mass spectrum for the RH neutrinos correspond-
ing to MN1 ≈ λ15υR, MN2 ≈ λ11υR and MN3 ≈ λυR, as shown in the left panel of figure 5.
As explained earlier, the masses of the RH neutrinos do not play any role in the seesaw
mechanism but they can be important for leptogenesis. For a hierarchical mass spectrum
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Figure 3. The distributions of bulk mass parameters fitted with χ2min/ν < 2.21 in case of NO and
tanβ = 50.
Figure 4. The predictions for various observables obtained for χ2min/ν < 2.21 in case of NO and
tanβ = 50.
of RH neutrinos, a successful thermal leptogenesis requires the mass of the lightest RH
neutrino MN1 & 109 GeV [96, 97] in a standard flavour independent scheme. When flavour
effects are considered, it is possible to generate a sufficient lepton asymmetry through the
decay of the next-to-lightest neutrinos if 1012 GeV &MN2 & 109 GeV and MN1  109 GeV
as suggested in [98–100]. Both these alternatives cannot be realized in this model, which
predicts MN1 MN2 < 109 GeV.
The scale of atmospheric neutrino oscillation requires the VEV of 126H at least an
order of magnitude below MGUT, as it can be seen from figure 5. This is compatible with
the D-term cancellation condition, eq. (3.4). As can be seen from figure 3, the viable fits
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Figure 5. The predictions for the masses of RH neutrinos and the VEV of 126H obtained for
χ2min/ν < 2.21 in case of NO and tanβ = 50.
Figure 6. A comparison between the minimized χ2 distributions obtained from the two different
distribution of random O(1) Yukawa couplings (see text for the details). The left (right) panel
corresponds to the NO (IO) case and tanβ = 50.
to the fermion masses and mixing angles require υ
3/2
Φ = kXΛ/(
√
2g5) < 0. Hence the VEV
of 126H can cancel the D-term in eq. (3.4) even if |〈126H〉|  |〈126H〉| ∼MGUT.
We conclude this section with a comment on the choice of the O(1) Yukawa parameters.
For the above analysis, we have randomly chosen them from a flat distribution of points
residing on the disc of inner radius 0.5 and outer radius 1.5 in a complex plane. To assess
the dependence of our results on the criteria for selecting the Yukawa parameters, we have
repeated a similar analysis for random Yukawa couplings residing in the box of vertices
(1 + i,−1 + i,−1− i, 1− i) in a complex plane. The results are shown in figure 6 where we
compare the probability distributions obtained for the two choices of Yukawa parameters.
The obtained distributions are almost indistinguishable and the new choice leads to nearly
the same results as the old one. The overall results and predictions derived in this subsection
are therefore robust and should stand for similar choices of O(1) parameters.
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5 Conclusions
Anarchical Yukawa matrices for both quarks and leptons can be nicely reconciled with the
observed fermion masses and mixing angles by appealing to wave-function renormalizations
that distinguish generations and fermion species. This naturally occurs in models with an
extra spatial dimension, thanks to the different localization of the profiles of fermion zero
modes. Such a picture is also compatible with SU(5) grand unification, at least in first
approximation. The large mixing angles of the lepton sector and the moderate hierarchy
among neutrino masses is attributed to a nearly equal wave function renormalization of the
three generations of 5¯. The observed hierarchies in the charged lepton sector and in the
quark sectors are mostly due to the different renormalization affecting the three generations
of 10. The different rescaling of 5¯-plets and 10-plets implies that mass ratios in the up-
quark sector are nearly the square of the corresponding mass ratios in the down-quark and
charged-lepton sectors, which is approximately true. Such a description can be extended to
SO(10), as shown in a five-dimensional model by Kitano and Li. Before SO(10) breaking,
all members of a fermion generation, hosted in a 16 representation, have the same zero-
mode profile, which depends upon an SO(10) invariant bulk mass term. In the Kitano-Li
model SO(10) is broken down to the direct product of SU(5) and U(1)X, by the VEV of
an SO(10) adjoint that lives in the bulk and has gauge coupling to matter supermultiplets.
In this way different bulk mass terms for the SU(5) multiplets residing in the same 16
representation are generated, with corresponding different zero-mode profiles.
In this paper we have reconsidered the Kitano-Li model. To start with, we have
modified it in such a way that fermion masses and mixing angles are dominated by Yukawa
interaction terms of the same dimensionality, while in the original model non-renormalizable
operators of different mass dimensions had to provide comparable contributions to achieve
a realistic description. We have also included a set of Higgs multiplets that allows for a
solution to the doublet-triplet splitting problem through the missing partner mechanism.
We have explicitly specified the set of interactions needed in order to implement such a
mechanism. Finally, we have tested the validity of the model by realizing a series of fits to
an idealized set of 17 data, obtained by naively extrapolating fermion masses and mixing
angles from low energy to the GUT scale. Our model depends on 27 anarchical Yukawa
couplings, 8 parameters characterizing the light Higgs combinations and 4 parameters that
describe the fermion bulk masses. In a first fit we left all parameters to vary freely and
we obtained an excellent agreement with data for both the cases of normal and inverted
ordered neutrino spectrum, for large values of tanβ. Despite the large number of free
parameters, we consider such an agreement not completely trivial, given the fact that
35 of our parameters can vary in a very limited interval close to one and that only the
4 parameters describing the bulk masses are responsible for all the observed hierarchies
in the fermion spectrum. In a second stage, to detect a possible fine-tuning among the
anarchical Yukawa couplings, we have modified our numerical analysis by first generating
a random sample of O(1) Yukawa couplings and by subsequently fitting the remaining 12
Higgs and bulk parameters. This procedure have been iterated to obtain a distribution
of minimum χ2 values. We see a clear difference between the cases of normal ordering
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and inverted ordering in the neutrino masses. While in the inverted ordering case we need
about 105 samples to reach a p-value close to 0.05, in the normal hierarchy case in about
one percent of the cases we have p > 0.05. This unambiguously indicates that our model
needs a severe fine-tuning of the “anarchical” parameters in the case of inverted ordered
neutrino spectrum while the normally ordered one is accommodated much more naturally.
We verified that these results are stable versus changes in the drawing of the anarchical
parameters. Our analysis is incomplete under several respects. In particular we have not
discussed the breaking of N = 1 supersymmetry. This would have allowed to reduce the
uncertainty in the extrapolation of fermion masses and mixing angles from low-energy to
the GUT scale, at the cost of a much bigger model dependence. Consequently we were
not able to analyze the rich related phenomenology of flavour and CP violations, both in
the quark and in the lepton sector, which heavily depends on the chosen mechanism for
supersymmetry breaking.
Concerning predictions, we have found no preference for any particular value of the
leptonic Dirac CP phase. The lightest neutrino mass should lie below 5 meV, corresponding
to a hierarchical neutrino mass spectrum while |mββ | is predicted in the range 0.1-5 meV.
Any positive signal in the current generation of experiments aiming at measuring neutrino
masses or |mββ | in the lab would essentially rule out the model. The hierarchy in the right
handed neutrino spectrum is very pronounced and the corresponding mass distributions
are peaked around 106 GeV, 108 GeV and 1014 GeV. As a consequence, thermal leptogen-
esis cannot be responsible for the observed baryon asymmetry in our model. On a more
qualitative side, our analysis confirms that the idea of anarchical Yukawa couplings can
be successfully implemented even in the context of an SO(10) grand unified theory. The
required conditions are that SO(10) is broken down to SU(5) as a first step and that the
anarchical Yukawa couplings of the different charge sectors are not entirely dominated by
a single SO(10) Higgs multiplet. Special features of neutrino data, such as the indications
of a nearly maximal atmospheric mixing angle and hierarchical light neutrino spectrum
should be regarded as fully accidental in this approach, devoid of any implications on the
underlying dynamics.
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A Parameters obtained for the best fit solutions
We give here the input parameters obtained for the best fit solutions presented in the
table 2 corresponding to normal and inverted neutrino mass spectrum and tanβ = 50.
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Figure 7. The localized zero-mode profiles of different SU(5) matter multiplets for the best fit
solution obtained in case of normal ordering in the neutrino masses.
A.1 Normal ordering
The best fit values of the Yukawa matrices and various parameters appearing in
eqs. (4.2), (4.4) at χ2min ≈ 0 are listed below.
Y10 =
 0.78314 1.05610e1.79809i 0.92306e−0.19874i1.05610e1.79809i 1.49012 1.09077e1.02405i
0.92306e−0.19874i 1.09077e1.02405i 0.96156
 ,
Y120 =
 0 1.04750e−2.22311i 0.50164e3.02587i−1.04750e−2.22311i 0 0.78048e−0.43312i
−0.50164e3.02587i −0.78048e−0.43312i 0
 ,
Y126 =
 1.49976e1.45362i 0.51701e−1.20768i 1.25349e−1.82494i0.51701e−1.20768i 0.50067e−0.49914i 0.91593e0.05375i
1.25349e−1.82494i 0.91593e0.05375i 1.38243e−1.37536i
 . (A.1)
α2 = 0.87373 e
−2.05269i , α3 = 0.06975 e−1.21499i ,
α2 = 0.81115 e
−1.00683i , α3 = 0.50212 e−1.20195i . (A.2)
The bulk mass parameters are:
{µ1, µ2, µ3, kX} = {−0.03732, − 0.01565, 0.20467, − 0.01031} . (A.3)
From the above parameters and using eq. (2.11), one obtains the following zero-mode
profiles of various SU(5) multiplets at y = 0.
F10 = λ
0.3
 λ3.7 0 00 λ2.4 0
0 0 1
 , F5¯ = λ0.3
 λ1.5 0 00 λ0.9 0
0 0 1
 , F1 = λ0.4
 λ6.2 0 00 λ4.8 0
0 0 1
 . (A.4)
Further, the localization of zero-mode profiles of different generations of 10, 5¯ and 1 can
be obtained by replacing m→ mri in eq. (2.2) and are displayed in figure 7.
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Figure 8. The localized zero-mode profiles of different SU(5) matter multiplets for the best fit
solution obtained in case of inverted ordering in the neutrino masses.
A.2 Inverted ordering
The best fit values of the Yukawa matrices and various parameters appearing in
eqs. (4.2), (4.4) at χ2min ≈ 5.75 are listed below.
Y10 =
 0.50232 1.12746e−0.07927i 1.25370e−0.46501i1.12746e−0.07927i 0.74605 1.49999e0.94538i
1.25370e−0.46501i 1.49999e0.94538i 1.38633
 ,
Y120 =
 0 0.53486e2.05559i 1.29570e2.53388i−0.53486e2.05559i 0 0.58945e−0.03658i
−1.29570e2.53388i −0.58945e−0.03658i 0
 ,
Y126 =
 1.49999e0.16531i 0.50005e1.43459i 0.58661e−2.24612i0.50005e1.43459i 0.50007e−0.86236i 1.02973e−1.58869i
0.58661e−2.24612i 1.02973e−1.58869i 0.96577e−0.16857i
 . (A.5)
α2 = 0.04681 e
1.46923i , α3 = 0.07100 e
3.10679i ,
α2 = 0.87191 e
0.46323i , α3 = 0.36100 e
−1.36707i . (A.6)
The bulk mass parameters are:
{µ1, µ2, µ3, kX} = {−0.040351, − 0.01099, 0.085029, − 0.01668} . (A.7)
From the above parameters and using eq. (2.11), one obtains the following zero-mode
profiles of various SU(5) multiplets at y = 0.
F10 = λ
0.7
 λ3.9 0 00 λ2.2 0
0 0 1
 , F5¯ = λ0.4
 λ0.8 0 00 λ0.4 0
0 0 1
 , F1 = λ1.5
 λ7.4 0 00 λ5.5 0
0 0 1
 . (A.8)
Further, the localization of zero-mode profiles of different generations of 10, 5¯ and 1 fermions
can be obtained by replacing m→ mri in eq. (2.2) and are displayed in figure 8.
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